We present numerical simulation of QCD with two dynamical quark flavors described by the overlap fermion action on a 16 3 × 32 × (0.12 fm) 4 lattice. We calculate pseudo-scalar masses and decay constants and investigate their chiral properties. We test the consistency of our data with the two-loop chiral perturbation theory predictions, which should also be valid at finite lattice spacings because of the exact chiral symmetry, including the finite size effects.
Introduction
Thanks to the exact chiral symmetry, lattice simulation with the overlap fermions [1] provides a unique opportunity to approach low energy hadron physics. One of the major issues in this energy region is the consistency between QCD and chiral perturbation theory (ChPT). With the overlap fermion, the continuum ChPT can be applied without modification, that is not true with other fermion formulations that violate either chiral or flavor symmetry.
In this talk, we present two-flavor QCD simulation using the overlap fermion and the Iwasaki gauge action. On a 16 3 × 32 lattice, we generate 10,000 trajectories [2, 3, 4, 5, 6] at six different sea quark masses. We explicitly suppress zero-modes of hermitian Wilson-Dirac operator H W = γ 5 D W in order to avoid discontinuity of the overlap-Dirac operator D ov = m 0 (1 − γ 5 · sgn(H W (−m 0 ))) by introducing extra Wilson fermions which are irrelevant in the continuum [5] . As a result, the topological charge of our gauge configurations is fixed. We have chosen the trivial topological sector Q top = 0.
In Section 2, we present the spectrum calculation focusing on new techniques using eigenmodes of the dirac operator. After making corrections to our data due to the finite size effects (FSE) in Section 3, we carry out chiral extrapolation of the corrected results using the NNLO ChPT formulae and compare the results with phenomenological values.
Spectrum calculation
In advance of the spectrum calculation, we compute and store 50 pairs of the lowest-lying eignmodes of D ov on each gauge configuration. With these data, we decompose the quark propagator as
where the indices α, β represent spin×color and i labels eigenmode. m 0 q is the bare quark mass. While we use the conventional CG algorithm to obtain the second term with the source vector with low mode contributions projected out, we construct the first term from the eigenvalue λ i and eigenvectors u i α (x). Since it is the low mode contribution which is computationally dominating the CG iteration, S high q can be obtained with much lower computational cost (×8 less). Computation of the meson correlator is done on 500 configurations separated by 20 HMC trajectories. When decomposing quark propagator as in (2.1), a part of the meson correlator is composed purely from the low mode contribution. By replacing this part by its average over the source location (low-mode-averaging [7, 8] ), we can improve the data. Its advantage is apparent in Figure 1 where the effective mass of pseudo-scalar correlation functions with (filled symbols) and without (open symbols) low-mode-averaging are compared.
We obtain pion mass and decay constant from the pseudo-scalar correlators with smeared source and with local source. By fitting them simultaneously with single exponential functions sharing the same mass, we obtain the matrix element of the local operator | 0 |P|π | 2 , from which f π is computed, with a better statistical quality than solely using the local-local correlator. f π is obtained though the axial Ward-Takahashi identity
without further renormalization. Note that we are using the f π = 130 MeV normalization. Throughout this calculation, we use r 0 = 0.49 fm as an input. Our lattice scale at the chiral limit is
By using its central value a −1 = 1.67 GeV, the pion mass data points are in 290 MeV ≤ m π ≤ 750 MeV. Our heaviest m 0 q is roughly corresponding to the strange quark mass m s . We are interested in the chiral extrapolation of m 2 π /m q and f π , where m q is the quark mass renormalized by the renormalization factor
which is obtained non-perturbatively through the RI/MOM scheme on the lattice [9] .
Finite size corrections 3.1 Standard FSE
Some of our data points are in the region m π L < 3.0 where finite size effect could be significant. Therefore, it is important to estimate the correction to our data. To this end, we use the result of analytic calculation by Colangelo et al. [10] . Developing from the Lüscher's formula [11] , which relates the mass-shift in a finite box to the amplitude of scattering of pions, they calculated the finite volume corrections for m π and f π . Though their calculation includes NNNLO of ChPT for m π and NNLO for f π , we apply their NNLO results for both quantities. The NNLO effects depend on the low energy constants (LECs)l 1, 2, 3, 4 We use these phenomenological values to correct our data. The errors in (3.1)-(3.4) are reflected in the results assuming a gaussian distribution. Because the Lüscher's formula is based on the full theory, we can use this result only for the data with the same mass for valence and sea quarks.
Correction for fixed Q top
Since our numerical simulation is done at the topological charge fixed to zero, our observables are not free from the artifact. However, for large enough volume, local quantities such as hadron mass or matrix elements do not depend on Q top . In fact it is verified by a saddle-point expansion [13] that the difference between the correlation function at fixed topological charge and that in the θ -vacuum is of O(V −1 ). By using this relation to pion mass and decay constant, it can be shown that the leading correction is proportional to their second derivative with respect to θ dependence at the saddle point θ s = iQ top /(V χ t ). χ t is the topological susceptibility, which is calculated on the same set of configurations [14] . At NLO of ChPT we obtain the corrections
where m tree π (θ ) 2 = 2B 0 m q cos(θ /N f ) is the tree-level θ -dependent pion mass. The fixed Q top correction starts at the tree-level for m π while it does at NLO for f π .
In Figure 2 , we illustrate the effects of finite size effects for m 2 π /m q (left) and f π (right). In each panel, the original data (black diamonds) are corrected by the standard FSE (blue squares) and further by the fixed topology effect (red circles). For the data with the lightest quark mass, the standard FSE is 4.5 % and 6.0 % for m 2 π /m q and f π , respectively. For m 2 π /m q in small mass region, two finite size effects appear with an opposite sign to almost cancel each other. ChPT formulae (almost) independently to m 2 π /m q and f π as a function of ξ which is a measurable quantity at each quark mass. The NLO formulae are
Chiral extrapolation
wherel 3, 4 , B 0 and f are to be fitted.l 3, 4 are LECs at the scale 4π f . Since these two formulae do not share any fit parameter, independent fits are possible. We also examine the NNLO formulae which are written as
where coefficients of the ξ 2 term α 1 and α 2 contain unknown low energy constants associated with the NNLO counterterms. In carrying out the chiral fit with these formulae, an input is introduced from phenomenological estimates (3.1) and (3.2) with f phys π = 130.0 MeV. In our target range 0 < ξ < ∼ 0.1, an approximation ξ 2 ln ξ ≈ −2.5ξ 2 is numerically rather precise. Therefore, it is reasonable to consider yet another fit ansatz with modified NNLO formulae, which we call NNLO'
In Figure 3 we show the results of chiral fits to the FSE corrected data of m 2 π /m q and f π , respectively. In each panel, we compare NLO (red curves), NNLO (blue) and NNLO' (green). Note that we cannot compare the quality of the fit with NNLO and others by the values of χ 2 /dof because we carry out the simultaneous fit for the former and independent fits for the latter. . In the figure we also plot phenomenological values of f [15] andl phys 3,4 ((3.3) and (3.4)) as well as the result of our previous calculation in ε-regime [16] : Σ 1/3 = 0.251(7)(11) GeV.
We see that, forl phys 3 , large error of the phenomenological estimate covers all of our results. For other quantities, results from NLO fit are inconsistent with the NNLO results. This implies the failure of the NLO formulae to describe the data in the quark mass region up to m s . Results from NNLO and NNLO' are consistent with each other and with phenomenological estimates.
For the future we are planning to extend the present analysis to m K and f K on the N f = 2 + 1 dynamical lattices (see [17] for the status). Numerical check of the estimate of FSE in a bigger volume is also planned.
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